Construction of some families of 2-dimensional crystalline
  representations by Berger, Laurent et al.
ar
X
iv
:m
at
h/
03
10
27
5v
1 
 [m
ath
.N
T]
  1
7 O
ct 
20
03
CONSTRUCTION OF SOME FAMILIES OF
2-DIMENSIONAL CRYSTALLINE REPRESENTATIONS
by
Laurent Berger, Hanfeng Li & Hui June Zhu
Abstract. — We construct explicitly some analytic families of e´tale (ϕ,Γ)-modules, which
give rise to analytic families of 2-dimensional crystalline representations. As an application
of our constructions, we verify some conjectures of Breuil on the reduction modulo p of those
representations, and extend some results (of Deligne, Edixhoven, Fontaine and Serre) on the
representations arising from modular forms.
Re´sume´. — Nous construisons explicitement des familles analytiques de (ϕ,Γ)-modules
e´tales, qui donnent lieu a` des familles analytiques de repre´sentations cristallines de dimension
2. Comme application de nos constructions, nous ve´rifions des conjectures de Breuil quant
a` la re´duction modulo p de ces repre´sentations, et nous e´tendons des re´sultats (de Deligne,
Edixhoven, Fontaine et Serre) sur les repre´sentations associe´es aux formes modulaires.
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1. Introduction
Throughout this article p is a prime number and Qp is an algebraic closure of Qp. We are
interested in p-adic representations of Gal(Qp/Qp) and we use the language of crystalline
representations (see for example [Fo88b]).
1.1. Main results. — The purpose of this article is to construct some explicit analytic
families of 2-dimensional crystalline representations of Gal(Qp/Qp). More precisely, let k > 2
and for ap ∈ mE (where mE is the maximal ideal of the ring of integers of a finite extension
E ⊂ Qp of Qp) let Dk,ap be the filtered ϕ-module given by Dk,ap = Ee1 ⊕ Ee2 where:{
ϕ(e1) = p
k−1e2
ϕ(e2) = −e1 + ape2
and FiliDk,ap =


Dk,ap if i 6 0,
Ee1 if 1 6 i 6 k − 1,
0 if i > k.
By the theorem of Colmez and Fontaine, there exists a crystalline E-linear representation
Vk,ap such that Dcris(V
∗
k,ap
) = Dk,ap where V
∗
k,ap
= Hom(Vk,ap, E) is the dual of Vk,ap. The
representations Vk,ap are the representations studied by Breuil in [Br03]. They are crys-
talline, irreducible, and their Hodge-Tate weights are 0 and k − 1. One can show that if V
is any irreducible 2-dimensional crystalline Qp-linear representation, then there exist k > 2,
ap ∈ mQp and η a crystalline character such that V ≃ Vk,ap ⊗ η (see [Br03, prop 3.1.1] for a
proof).
We will give a direct construction of the Vk,ap (for those ap in a small p-adic ball around
0) which provides a new proof of the theorem of Colmez-Fontaine for these representations,
along the lines suggested by Fontaine in [Fo91, B.2.3]. We will actually construct a family of
p-adic representations, that is a freeQp⊗ZpZp[[X ]]-module (1) Vk of rank 2 with a continuous
linear action of GQp = Gal(Qp/Qp) such that if one sets m = ⌊(k− 2)/(p− 1)⌋, then for any
α ∈ mQp we have Vk(α) = V ∗k,pmα.
The family Vk gives an explicit 1-parameter deformation of V
∗
k,0 (parameterized by the
trace of Frobenius). In particular, all the representations Vk,ap with vp(ap) > ⌊(k−2)/(p−1)⌋
have the same semi-simplified reduction modulo p which partially answers some questions of
Breuil [Br03, conjecture 6.1.1].
Let V k,ap be the semi-simplification of the reduction modulo p of a lattice of Vk,ap. Our
main result is then (see theorem 4.1):
Theorem 1.1. — If vp(ap) > ⌊(k − 2)/(p− 1)⌋, then V k,ap ≃ V k,0.
(1)this definition of a family differs slightly from the one given in [BC03]
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As a corollary of this result, we can describe the reduction modulo p of the representations
arising from certain modular forms, thus generalizing some results of Deligne, Edixhoven,
Fontaine and Serre.
1.2. Method of proof. — A (ϕ,Γ)-module is a finite dimensional vector space over a
2-dimensional complete local field along with some extra structure: a Frobenius operator ϕ
and an action of the procyclic group ΓQp = Gal(Qp(µp∞)/Qp), so that a (ϕ,Γ)-module is
determined by two matrices (those of ϕ and of a generator of ΓQp) satisfying some conditions
(the definition of these objects is recalled below in 2.2). Fontaine has constructed in [Fo91,
A.3.4] an equivalence of categories from the category of p-adic representations to the category
of e´tale (ϕ,Γ)-modules.
What we will actually construct are explicit families of e´tale (ϕ,Γ)-modules. In order to
do that, we only need to construct two matrices satisfying certain properties. By a theorem
of Dee, a family of e´tale (ϕ,Γ)-modules gives rise to a family of p-adic representations.
The question is then: given an e´tale (ϕ,Γ)-module that corresponds to a p-adic represen-
tation V , how do we know whether that representation is crystalline and if it is, how do we
compute Dcris(V )? The answer to those questions is given by the theory of Wach modules
(developed in [Wa96, Wa97, Col99, Ber03] and recalled below in 2.2).
1.3. Plan of the article. — In the second chapter, we recall the definitions of (ϕ,Γ)-
modules and of Wach modules. In the third chapter, we give the construction of the families
of Wach modules, and then describe the families of crystalline representations obtained in
this way. In the fourth chapter we apply those constructions and verify some conjectures of
Breuil. After that, we give an application to modular forms. In the final chapter, we ask a
couple of open questions related to our constructions.
Acknowledgments: We thank C. Breuil, K. Buzzard, G. Chenevier, R. Coleman and P.
Colmez for their comments and encouragements. The research of Zhu is partially supported
by an NSERC discovery grant.
2. Representations of GQp
Let E be a finite extension of Qp, with ring of integers OE , maximal ideal mE and residue
field kE. An E-linear representation of GQp is a finite dimensional E-vector space V with
a continuous E-linear action of GQp = Gal(Qp/Qp). The underlying Qp-vector space of
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V is then a Qp-linear representation of GQp , along with a Qp-algebra embedding E →
EndQp(V ) which commutes with the action of GQp. This observation allows us to extend
most constructions onQp-linear representations to constructions on E-linear representations,
and below we recall those constructions which we will use.
2.1. Crystalline representations. — Let Bcris be the ring constructed by Fontaine in
[Fo88a, 2.3]. Recall that if V is a Qp-linear representation, then Dcris(V ) = (Bcris⊗Qp V )GQp
is a filtered ϕ-module of dimension 6 dimQp(V ). We say that V is crystalline if equality
holds. Colmez and Fontaine proved in [CF00, the´ore`me A] that the functor V 7→ Dcris(V ) is
an equivalence of categories from the category of crystalline representations to the category
of admissible filtered ϕ-modules.
We say that an E-linear representation V is crystalline if and only if the underlying
Qp-linear representation is crystalline. In this case, Dcris(V ) is an E-vector space with an
E-linear Frobenius and a filtration by E-vector spaces: it is an admissible E-linear filtered
ϕ-module and the theorem of Colmez-Fontaine then implies that the functor V 7→ Dcris(V )
is an equivalence of categories from the category of crystalline E-linear representations to
the category of admissible E-linear filtered ϕ-modules.
2.2. Wach modules and (ϕ,Γ)-modules. — Let ΓQp = Gal(Qp(µp∞)/Qp) and let χ be
the cyclotomic character, so that χ : ΓQp → Z∗p is an isomorphism. Let π be a variable and
let AQp be the ring of power series
∑+∞
i=−∞ aiπ
i such that ai ∈ Zp and ai → 0 as i → −∞.
This is a local ring with maximal ideal (p) and its field of fractions is BQp = AQp[1/p].
Those two rings are endowed with a Frobenius ϕ defined by ϕ(π) = (1 + π)p − 1 and an
action of ΓQp defined by γ(π) = (1 + π)
χ(γ) − 1 for γ ∈ ΓQp.
A (ϕ,Γ)-module is an AQp-module of finite rank, with semi-linear ϕ and continuous action
of ΓQp which commute with each other. We say that a (ϕ,Γ)-module D is e´tale if ϕ(D)
generates D over AQp. Recall that Fontaine has constructed in [Fo91, A.3.4] a functor
T 7→ D(T ) which associates to any Zp-representation T of GQp an e´tale (ϕ,Γ)-module, and
that the functor T 7→ D(T ) is then an equivalence of categories. By inverting p, one also
gets an equivalence of categories between the category of (Qp-linear) p-adic representations
and the category of e´tale (ϕ,Γ)-modules over BQp.
If E is a finite extension ofQp, we extend the Frobenius and the action of ΓQp to E⊗QpBQp
by E-linearity. By restricting our attention to OE-modules (or E-linear representations),
we then get an equivalence of categories from the category of OE-modules (or E-linear
representations) to the category of (ϕ,Γ)-modules over OE ⊗Zp AQp (or (ϕ,Γ)-modules over
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E ⊗Qp BQp), given by T 7→ D(T ). The inverse functor will be denoted by D 7→ T (D) (or
D 7→ V (D)).
If V is a crystalline representation, we can be pretty specific about what its (ϕ,Γ)-module
looks like. Let A+Qp = Zp[[π]] and B
+
Qp
= Qp ⊗Zp A+Qp = A+Qp[1/p]. The following is proved
in [Ber03, §II.1, §III.4] (for Qp-linear representations but the E-linear case follows at once):
If V is an E-linear representation, then V is crystalline with Hodge-Tate weights in [a, b]
if and only if there exists an E ⊗Qp B+Qp-module N(V ) contained in D(V ) such that:
(1) N(V ) is free of rank d = dimE(V ) over E ⊗Qp B+Qp;
(2) The action of ΓQp preserves N(V ) and is trivial on N(V )/πN(V );
(3) ϕ(πbN(V )) ⊂ πbN(V ) and ϕ(πbN(V ))/πbN(V ) is killed by qb−a where q = ϕ(π)/π.
We say that a crystalline representation is positive if Fil0Dcris(V ) = Dcris(V ), or equiv-
alently if b 6 0. If V is a positive crystalline representation then we can take b = 0 above
and if we endow N(V ) with the filtration FiliN(V ) = {x ∈ N(V ), ϕ(x) ∈ qiN(V )}, then
N(V )/πN(V ) is an E-linear filtered ϕ-module and by [Ber03, §III.4] we then have an iso-
morphism: N(V )/πN(V ) ≃ Dcris(V ).
If T is a GQp-stable lattice in V , then N(T ) = D(T ) ∩ N(V ) is an OE ⊗Zp A+Qp-lattice
in N(V ) (note that OE ⊗Zp A+Qp = OE [[π]]) and by [Ber03, §III.4] the functor T 7→ N(T )
gives a bijection between the GQp-stable lattices T in V and the OE ⊗Zp A+Qp-lattices N(T )
in N(V ) satisfying:
(1) N(T ) is free of rank d = dimE(V ) over OE ⊗Zp A+Qp;
(2) The action of ΓQp preserves N(T );
(3) ϕ(πbN(T )) ⊂ πbN(T ) and ϕ(πbN(T ))/πbN(T ) is killed by qb−a.
Such an object is called a Wach module. The aim of the following chapter is to construct
families of Wach modules.
3. Families of Wach modules
In this chapter, we construct 1-parameter families of Wach modules. More precisely, fix
k > 2 and define m = ⌊(k− 2)/(p− 1)⌋; we construct a matrix P (X) ∈ M(2,Zp[[π,X ]]) and
for every γ ∈ ΓQp a matrix Gγ(X) ∈ Id+πM(2,Zp[[π,X ]]) such that:
(1) For any α ∈ mE , the matrices P (α) and Gγ(α) can be used to define a Wach module
Nk,α which corresponds to a crystalline representation.
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(2) If one sets ap = αp
m, then the 2-dimensional E-linear filtered ϕ-module associated to
that crystalline representation is given by Dk,ap = Ee1 ⊕ Ee2 where:{
ϕ(e1) = p
k−1e2
ϕ(e2) = −e1 + ape2
and FiliDk,ap =


Dk,ap if i 6 0,
Ee1 if 1 6 i 6 k − 1,
0 if i > k.
These are the duals of the representations defined by Breuil in [Br03, §3.1]. They are
crystalline, irreducible, and their Hodge-Tate weights are 0 and −(k − 1).
3.1. Construction of Wach modules. — Let us now construct this family of Wach
modules. Recall that q = ϕ(π)/π. For n > 1, we define qn = ϕ
n−1(q) so that q1 = q. Let
λ+ =
∏
n>0
ϕ2n+1(q)
p
=
q2
p
× q4
p
× q6
p
× · · · and λ− =
∏
n>0
ϕ2n(q)
p
=
q1
p
× q3
p
× q5
p
× · · ·
Proposition 3.1. — The functions λ+ and λ− ∈ Qp[[π]] satisfy the following properties:
(1) λ+(0) = λ−(0) = 1;
(2) λ−/γ(λ−) and λ+/γ(λ+) ∈ 1 + πZp[[π]];
(3) ϕ(λ−) = λ+ and ϕ(λ+) = λ−/(q/p);
(4) Let m = ⌊(k − 2)/(p − 1)⌋; if we write pm(λ−/λ+)k−1 =
∑
i>0 ziπ
i and we define
z = z0 + z1π + · · ·+ zk−2πk−2 then z ∈ Zp[[π]].
Proof. — Since qn(0) = p, point (1) is obvious. Point (2) follows from the fact that γ(q)/q ∈
1 + πZp[[π]] and that:
λ+
γ(λ+)
=
∏
n>0
ϕ2n+1
(
q
γ(q)
)
and
λ−
γ(λ−)
=
∏
n>0
ϕ2n
(
q
γ(q)
)
.
Point (3) follows immediately from the definitions.
Let us now prove (4). Let R be the set of power series
∑
i>0 aiπ
i such that ai ∈ Qp and
vp(ai) + i/(p− 1) > 0. One checks easily that R is a ring and that qn/p and p/qn ∈ R for all
n > 1 so that (λ−/λ+)k−1 ∈ R. This implies that if we write pm(λ−/λ+)k−1 =
∑
i>0 ziπ
i then
vp(zi)+ i/(p−1) > m. In particular, we have vp(zi) > m− (k−2)/(p−1) if i = 0, · · · , k−2.
Since m = ⌊(k−2)/(p−1)⌋, this implies that vp(zi) > −1 and so that vp(zi) > 0. Therefore,
z ∈ Zp[[π]].
We define
P (X) =
(
0 −1
qk−1 Xz
)
and G(k−1)γ =


(
λ+
γ(λ+)
)k−1
0
0
(
λ−
γ(λ−)
)k−1

 .
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Lemma 3.2. — We have:
P (X)ϕ(G(k−1)γ )−G(k−1)γ γ(P (X)) =
(
0 0
0 πk−1⋆
)
∈ πk−1M(2,Zp[[π,X ]]).
Proof. — Note that ϕ and γ ∈ ΓQp act trivially on X . A direct computation using the fact
that ϕ(λ+) = λ−/(q/p) shows that
P (X)ϕ(G(k−1)γ ) =

 0 −
(
λ+
γ(λ+)
)k−1
γ(q)k−1
(
λ−
γ(λ−)
)k−1
Xz
(
λ+
γ(λ+)
)k−1


and that
G(k−1)γ γ(P (X)) =

 0 −
(
λ+
γ(λ+)
)k−1
γ(q)k−1
(
λ−
γ(λ−)
)k−1
Xγ(z)
(
λ−
γ(λ−)
)k−1


and to prove the lemma, we need to show that
z
(
λ+
γ(λ+)
)k−1
− γ(z)
(
λ−
γ(λ−)
)k−1
∈ πk−1Zp[[π]] = Zp[[π]] ∩ πk−1Qp[[π]].
It is clear that the above series belongs to Zp[[π]]. Finally, by definition of z, we have
z − pm(λ−/λ+)k−1 ∈ πk−1Qp[[π]] which proves the second inclusion.
Proposition 3.3. — There exists a unique matrix Gγ(X) ∈ Id+πM(2,Zp[[π,X ]]) such
that P (X)ϕ(Gγ(X)) = Gγ(X)γ(P (X)).
Proof. — We will start by proving the uniqueness of a matrix Gγ(X) satisfying the above
conditions. Assume that there exist Gγ(X) and G
′
γ(X) satisfying the above conditions and
set H = G′γ(X)G
−1
γ (X). A short computation shows that H ∈ Id+πM(2,Zp[[π,X ]]) and
that HP (X) = P (X)ϕ(H). We will show that this implies H = Id. Assume that this is not
the case, and write H = Id+Hℓπ
ℓ + · · · where Hℓ 6= 0 and P (X) = P0 + P1π + · · · . The
facts that HP (X) = P (X)ϕ(H) and that ϕ(πℓ)/πℓ ≡ pℓ mod π imply that HℓP0 = pℓP0Hℓ
which in turn implies that P0 has two eigenvalues the quotient of which is p
ℓ. Since
P0 =
(
0 −1
pk−1 Xpm
)
,
this is impossible.
Let us now show the existence of Gγ(X). Recall that by lemma 3.2, we have:
P (X)ϕ(G(k−1)γ )−G(k−1)γ γ(P (X)) =
(
0 0
0 πk−1⋆
)
∈ πk−1M(2,Zp[[π,X ]]),
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and a direct computation shows that(
0 0
0 πk−1⋆
)
γ(P (X)−1) =
1
qk−1
(
0 0
0 πk−1⋆
)(
Xz 1
−qk−1 0
)
=
(
0 0
−πk−1⋆ 0
)
so that:
G(k−1)γ − P (X)ϕ(G(k−1)γ )γ(P (X)−1) = πk−1R(k−1) ∈ πk−1M(2,Zp[[π,X ]]).
We will prove by recurrence on ℓ > k − 1 that there exists G(ℓ)γ = G(ℓ)γ (X) such that
G
(ℓ)
γ ≡ G(ℓ−1)γ mod πℓ−1 and
G(ℓ)γ − P (X)ϕ(G(ℓ)γ )γ(P (X)−1) = πℓR(ℓ) ∈ πℓM(2,Zp[[π,X ]]).
We already know this for ℓ = k − 1 and for ℓ > k we need to find H(ℓ) ∈ M(2,Zp[[X ]]) such
that if we set G
(ℓ)
γ = G
(ℓ−1)
γ + πℓ−1H(ℓ) then
G(ℓ)γ − P (X)ϕ(G(ℓ)γ )γ(P (X)−1) ∈ πℓM(2,Zp[[π,X ]]).
Bearing in mind that ϕ(π) = qπ, this gives the following equations for H(ℓ):
πℓ−1R(ℓ−1) + πℓ−1H(ℓ) − P (X)πℓ−1ϕ(H(ℓ))qℓ−1γ(P (X)−1) ∈ πℓM(2,Zp[[π,X ]]).
Notice that since ℓ > k, we have qℓ−1γ(P (X)−1) ∈ M(2,Zp[[π,X ]]). Therefore, we can divide
the above equation by πℓ−1 and we see that we only need to find H(ℓ) ∈ M(2,Zp[[X ]]) such
that
H(ℓ) − P0H(ℓ)(pℓ−1P−10 ) ≡ −R(ℓ−1) mod π.
Notice that since ℓ > k, we have pℓ−1P−10 ∈ pℓ−kM(2,Zp[[X ]]). This implies that the operator
H 7→ H − P0H(pℓ−1P−10 ) is a bijection on M(2,Zp[[X ]]) if ℓ > k + 1 and to finish the proof,
we only need to show that this also holds if ℓ = k. However, a direct computation shows
that modulo (p,X), this operator becomes:(
h11 h12
h21 h22
)
7→
(
h11 h12 + h21
h21 h22
)
,
which is obviously invertible. This shows that at each step, we can “lift” G
(ℓ−1)
γ to one and
only one G
(ℓ)
γ . To finish the proof, we take Gγ(X) = limℓ→+∞G
(ℓ)
γ (X).
3.2. Families of crystalline representations. — First, we check that the above con-
struction does give rise to a Wach module, and therefore to a crystalline representation. If
α ∈ mE , then the matrices P (α) and Gγ(α) belong to OE [[π]].
Proposition 3.4. — If α ∈ mE and γ, η ∈ ΓK then Gγη(α) = Gγ(α)γ(Gη(α)) and
P (α)ϕ(Gγ(α)) = Gγ(α)γ(P (α))
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so that one can use the matrices P (α) and Gγ(α) to define a Wach module Nk,α over OE [[π]].
Remark 3.5. — When α = 0, the Wach module Nk,0 coincides with the last example of
[Ber03, Appendice A].
Proof. — We already know that P (X)ϕ(Gγ(X)) = Gγ(X)γ(P (X)) and if γ, η ∈ ΓK then
Gγη(X) and G
′
γη(X) = Gγ(X)γ(Gη(X)) both satisfy the conditions of proposition 3.3 so
that they are equal. We then define Nk,α as the free OE [[π]]-module of rank 2 with basis n1,
n2 as follows: Nk,α = OE [[π]]n1 ⊕ OE [[π]]n2. We then endow it with a Frobenius ϕ and an
action of ΓQp by deciding that the matrix of ϕ with respect to the basis (n1, n2) is P (α) and
that the matrix of γ ∈ ΓQp is Gγ(α).
Definition 3.6. — If α ∈ mE , define ap = pmα. Let Vk,ap be the crystalline E-linear
representation such that E⊗OE Nk,α = N(V ∗k,ap) and let Tk,ap be the OE-lattice in Vk,ap such
that Nk,α = N(T
∗
k,ap
).
Proposition 3.7. — The filtered ϕ-module E⊗OE (Nk,α/πNk,α) is isomorphic to the filtered
ϕ-module Dk,ap described at the beginning of the chapter, so that we have Dcris(V
∗
k,ap
) = Dk,ap.
Proof. — Recall that Dk,ap = Ee1 ⊕ Ee2 where:{
ϕ(e1) = p
k−1e2
ϕ(e2) = −e1 + ape2
and FiliDk,ap =


Dk,ap if i 6 0,
Ee1 if 1 6 i 6 k − 1,
0 if i > k.
and that
P (α) =
(
0 −1
qk−1 αz
)
so that (P (α) mod π) =
(
0 −1
pk−1 ap
)
.
We will show that the map ni 7→ ei gives the required isomorphism from E⊗OE (Nk,α/πNk,α)
to Dk,ap. It is obvious from the above that this is an isomorphism of ϕ-modules, and to finish
the proof we need to compute the filtration on Nk,α. The proposition will then follow from:
FiliNk,α =


Nk,α if i 6 0,
n1OE [[π]]⊕ πin2OE [[π]] if 1 6 i 6 k − 1,
πi−(k−1)n1OE [[π]]⊕ πin2OE [[π]] if i > k.
Recall that FiliN = {x ∈ N, ϕ(x) ∈ qiN}. It is obvious that FiliNk,α = Nk,α if i 6 0.
Next, choose 1 6 i 6 k − 1 and write x = x1n1 + x2n2. We have ϕ(x) = −ϕ(x2)n1 +
(qk−1ϕ(x1)+αzϕ(x2))n2 and therefore, x ∈ FiliNk,α if and only if qi|ϕ(x2) which is equivalent
to πi|x2. If i > k, the proof is completely similar.
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Remark 3.8. — By Dee’s theorem [Dee01, theorem 2.1.27] (see also [BC03]), an e´tale
family of (ϕ,Γ)-modules (in our case, Nk,X over Zp[[X ]]) gives rise to an analytic family of
p-adic representations (in our case, a free Zp[[X ]]-module Tk of rank 2 with a continuous
linear action of GQp).
The family Vk = Qp ⊗Zp Tk is a 1-dimensional subspace (parameterized by ap, the trace
of Frobenius) of the space of all representations deforming V ∗k,0.
4. Applications
4.1. Reduction modulo p. — We will now use the constructions of the previous chapter
to verify some conjectures of Breuil about the reduction of the representations Vk,ap defined
above. Recall that ap = p
mα where m = ⌊(k − 2)/(p− 1)⌋ and α ∈ mQp .
Theorem 4.1. — Given α ∈ mE, the two kE-representations kE ⊗OE Tk,ap and kE ⊗OE Tk,0
are isomorphic.
Proof. — Given α ∈ mE , we have Gγ(α) ≡ Gγ(0) mod mE and P (α) ≡ P (0) mod mE
because P , Gγ ∈ M(2,A+Qp[[X ]]). If Dk,α = AQp ⊗A+Qp Nk,α is the (ϕ,Γ)-module associated
to Nk,α then we have
Homϕ,Γ (Dk,0, kE((π))) = Homϕ,Γ (Dk,α, kE((π))) .
Since kE ⊗OE Tk,ap = T (Homϕ,Γ(Dk,α, kE((π)))) where T is Fontaine’s functor (since T (·) is
an exact functor), we see that kE ⊗OE Tk,ap ≃ kE ⊗OE Tk,0.
Remark 4.2. — (1) The constant m = ⌊(k − 2)/(p − 1)⌋ is not necessarily the “best”
possible one for every k. Indeed, in proposition 3.1-4 one only needs to take m such that
(pm(λ−/λ+)k−1 mod πk−1) has coefficients in Zp. For example, if k = p + 1, then one may
take m = 0;
(2) The same argument will show that if i > 1 and α1, α2 ∈ mE satisfy vE(α1 − α2) > i
and a
(j)
p = pmαj then Tk,a(1)p ≡ Tk,a(2)p mod miE ;
(3) Instead of using the (ϕ,Γ)-modules, one could also use the fact that by Dee’s theorem,
the T ∗k,ap’s come from evaluating Tk at α where ap = p
mα and the above congruences follow
at once.
We can now prove some congruences which were conjectured (with slightly sharper bounds
on vp(ap)) by Breuil (See Breuil’s [Br03, conj 6.1.1]).
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If ap ∈ mE and vp(ap) > m = ⌊(k − 2)/(p − 1)⌋, then there exists α ∈ mE such that
ap = αp
m and the following is then a direct consequence of theorem 4.1 (and remark 4.2-
1 for k = p + 1) applied to m = 0, 1, 2 (for k 6 p, the first congruence is also a direct
consequence of “Fontaine-Laffaille”).
Corollary 4.3. — The following congruences hold:
(1) If k 6 p+ 1, then V k,ap ≃ V k,0 if vp(ap) > 0;
(2) If k 6 2p− 1, then V k,ap ≃ V k,0 if vp(ap) > 1;
(3) If k 6 3p− 2, then V k,ap ≃ V k,0 if vp(ap) > 2.
To keep this article reasonably self-contained, let us recall the explicit description of V k,0
given by Breuil in [Br03, prop 6.1.2]. Recall that χ is the cyclotomic character; ω2 stands
for the fundamental character of level 2, µ±√−1 is the unramified character of GQp which
sends Frobp to ±
√−1 and ind is the induction from Fp2 to Fp.
Proposition 4.4. — We have:
(1) If (p + 1) ∤ (k − 1), then V k,0 = ind(ωk−12 );
(2) If (p + 1)|(k − 1), then
V k,0 =
(
µ√−1 0
0 µ−√−1
)
⊗ χ(k−1)/(p+1).
This proposition is itself a consequence of [Br03, prop 3.1.2] which describes Vk,0.
4.2. Application to modular forms. — In this paragraph, we give an application of
theorem 4.1 above to the reduction modulo p of the representations attached to certain
modular forms. This way, we can generalize results of Deligne, Edixhoven, Fontaine and
Serre (see [Edi92, §2] and [Br03, the´ore`me 6.2.3]). We follow [Br03, §6.2] very closely.
Fix an embedding Q →֒ Qp. Let f be a normalized cuspidal modular form over Γ1(N), of
level N > 1 coprime to p, of character η and of weight k > 2. We also assume that f is a
newform (hence an eigenform) for the Hecke operators Tℓ for all primes ℓ ∤ N . The elements
aℓ(f) ∈ OQp are defined by Tℓf = aℓ(f)f and we assume in this paragraph that ap(f) ∈ mQp
(in other words, that f is not ordinary).
Let Vf be the restriction to GQp of the p-adic representation attached to f and let V f
denote the semi-simplification of its reduction modulo p. Recall that we have
Vf ≃ Vk,ap(f)η1/2(p) ⊗ η1/2,
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where η1/2 is an unramified character of GQp whose square is η (see [Br03, the´ore`me 6.2.1]
for a statement and [BM02, §4.3] for precise references). We can therefore apply theorem
4.1 and get:
Theorem 4.5. — Under the preceding hypotheses, we have V f ≃ V k,0 ⊗ η1/2 if vp(ap) >
⌊(k − 2)/(p− 1)⌋.
This way, we get an explicit description of V f using [Br03, prop 6.1.2] recalled above in
proposition 4.4.
5. Open questions
In this last chapter, we give a few open questions related to the construction of (ϕ,Γ)-
modules.
(1) It is clear that our methods should extend to more general situations: given a filtered
ϕ-module, can one find a Wach module whose reduction modulo π is that filtered ϕ-module?
This article gives some evidence of how one can do that, but in general one problem is the
following: given a lattice T in a crystalline representation V , thenN(T )/πN(T ) is a lattice in
Dcris(V ). Which lattices do we get in this way? Do we get all strongly divisible lattices (see
[FL82] for a definition) in Dcris(V ) this way? When the length of the filtration is 6 p− 1,
the answer is yes (see [Wa97, §3.2] and [Ber03, §V.2]).
(2) In the ramified case or in the semi-stable case, we know even less. However, when the
length of the filtration is 6 p−1 (or 6 p−2 in the semi-stable case) those representations are
described by “Breuil modules” (see [Br99, Br00]). How does one compute the (ϕ,Γ)-module
of such a representation directly from its Breuil module? In the unramified crystalline case,
when the length of the filtration is 6 p− 1, then a Breuil module is equivalent to the data
of a strongly divisible lattice and the computation of the associated Wach module is done in
[Wa97, §3.2] and in [Ber03, V.2].
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